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Effects of Noise on Modal Parameters Identified
by the Eigensystem Realization Algorithm

Jer-Nan Juang* and Richard S. Pappat
NASA Langley Research Center, Hampton, Virginia

The basic concept of the Eigensystem Realization Algorithm for modal parameter identification and model
reduction is extended to minimize the distortion of the identified parameters caused by noise. The mathematical
foundation for the properties of accuracy indicators, such as the singular values of the data matrix and modal
amplitude coherence, is provided, based on knowledge of the noise characteristics. These indicators quan-
titatively discriminate noise from system information and are used to reduce the realized system model to a bet-
ter approximation of the true model. Monte Carlo simulations are included to support the analytical studies.

Introduction

YSTEM identification using dynamic tests has been ex-

tensively incorporated into the design development,
quality control, and qualification of dynamic systems.
Dynamic tests typically involve applying a forcing excitation
on the system and measuring the response at various locations.
The dynamic behavior identified from the tests can then be
used for validating or improving the design. The accuracy of
theoretical predictions of behavior can also be checked.

The knowledge of system behavior is generally called a
model. The model may be given in any one of several different
forms, such as transfer functions, differential equations, or
modal parameters. Also, many different methods are
available for identifying the parameters of the model."? For
example, in a real-time controller design the dynamic behavior
may be determined by reflection coefficients® in a linear
regression model. The reflection coefficients can be updated
on-line at each time instant when new data become available.
The simple and special mathematical structure of the linear
regression model makes the identification possible in real
time. For identification of structures, on the other hand, the
dynamic behavior is usually represented by the modal
parameters (natural frequencies, modal damping, mode
shapes, and generalized mass).* Modal parameters provide
physical intuition and interpretation of the system
characteristics and are the usual link in the structures field for
comparison with theoretical predictions.

The basic development of the time-domain (state-space)
concept is attributed to Ho and Kalman,®> who introduced the
important principles of minimal realization theory. The Ho-
Kalman procedure uses a sequence of real matrices known as
Markov parameters (impulse response functions) to construct
a state-space representation of a linear system. Among follow-
up developments along similar lines on minimal realization
theory, an Eigensystem Realization Algorithm (ERA) for
modal parameter identification and system model reduction
was developed.® The method has been successfully applied to
several sets of structural dynamics data, such as from the
Galileo spacecraft modal survey’ and the Solar Array Flight
Experiment.?

The objective of this paper is to study the influence of noise
on modal parameters identified by the ERA. As part of that
algorithm, several accuracy indicators, such as the singular
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values of the block data matrix and a parameter referred to as
Modal Amplitude Coherence, are used to evaluate the effects
of noise-on the identified parameters. Although these in-
dicators were supported by good simulation and experimental
results, they were ad hoc and heuristic in the sense that their
quantitative relationship with the noise characteristics of the
data was unknown. This paper establishes the mathematical
foundation. for the characteristics of the accuracy indicators
based on noise information. Using these indicators, model
reduction can be performed by retaining only those modal
parameters with high accuracy indicators.

The paper is organized as follows. First, the basic formula-
tion of the ERA is reviewed and extended to allow a more
general arrangement of the data. The goal of this extension is
to reduce the computational burden and the distortion of the
identified parameters caused by noise. Next, the algebraic
relationships between the noise characteristics and the ac-
curacy indicators are established. Last, the validity of the
analytical development is demonstrated, using results from
Monte Carlo® numerical simulations.

Basic Formulations
A finite-dimensional, discrete time, linear, time-invariant
dynamic system can be represented by the state-variable
equations

x(k+1)=Ax(k) +Bu(k), B=[b,, by, ....5,]1 (1)

y(k)y=Cx(k), CT=[cf,c],...c]] @

where x is an n-dimensional state vector, u is an m-directional
input or control vector, and y is a p-dimensional output or
measurement vector. The integer & is the sample indicator.
The state transition matrix 4 characterizes the dynamics of the
system. For flexible structures, the matrix A4 is a representa-
tion of mass, stiffness, and damping properties. The column
vector b, is the control influence vector for the ith control in-
put, and the row vector ¢; is the measurement influence vector
for the jth measurement sensor.

Two special solutions to the state-variable Egs. (1) and (2)
are the impulse-response function (known as the Marko
parameters) :

yji(k) =chk_lbi; i= 1’2’-~'sm; j= 1,2,---,P,' k= 1,2,--- (3)
and the initial-state-response function
yji(k) =c;A*x;(0) 4y

where x,(0) represents the ith set of initial conditions. The
problem of minimal system realization is then the following:
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Given the functions y,,(k), construct a set of constant

matrices [4, B, C] in terms of y; (k) such that the identities of

Eq. (3) hold and the order of 4 is minimum.

Let the column index J; be the set of integers (1,2,...m), the
column index /;(i=1,2,...n) ‘be any arbitrary subset of I, the
row index J, be the set of integers (1,2,...,p), and the row in-
dex J; (j=1,2,...,%) be any arbitrary subset of J,. The ERA
begins by forming the (¢ + 1) by (y+1) block data matrix

H(k-1)= [Y,j,’, (s;+k+1)]; i=1.2,...pandj=1,2,...,¢
)
where 5o =1, =0, 5; and ¢, are arbitrary integers. and Y is a rec-
tangular matrix with entries the elements shown in Eq. (3) with
appropriate indices J;, I, s;, {;, and k. For example, when

i=j=0 _
: Yu(k), yip(k), - Yim (k)
YipGot+k+to) = | yulk), yn(k), ... (k)
_ypl(k): ypz(k), . )’pmzk) (6)

Equation (5) is equivalent to deleting some rows and columns
of the general Hankel matrix,>5 but mamtammg the first
block matrix [Eq. (6)] intact. Furthermore, using Eq. (5), the
standard ordering of entries in the general Hankel does not
need to be maintained.

" In contrast to classical system reahzatlon methods which use
a Hankel matrix,’> the ERA block data matrix (Eq. 5) allows
one to include only good or strongly measured signals without
losing any capability. This is useful since somie measurement
data may be noisier than others or sensors may malfunction
during the test. The advantage of this capability is the poten-
tial to minimize the distortion of the identified parameters
caused by noise. A judicious choice of data and their proper
arrangement in the block matrix H(0) can also be used to
minimize the computational requirements of the method. For
example, the columns of H(0) may be made as independent as
possible by properly selecting the data samples to use as entries
of the matrix. This effort could substantially reduce the order
of the matrix for large problems. For noise-free data, the
order can be the same as that of the system state matrix A.
This fact results from examination of the controllability and
observability matrices, to be discussed next.

From Egs. (3-6), it can be shown that

c
g . — &
H(k) =V, AWV, = | C; A
C;, A%
. ty o ™
= [B,AtlBll,'...,A TIBI ]

where ¥V, and W,, are generalized observability and con-
trollablhty matrices. The columns of By (i=1,2,...,n) and
the rows of C, (j=1,2,...,§) are arbltrary subsets of
(by,bys...,0,) anc{ (cy, C35.- ,c ), respectively. Note that both

W, and VThave row number #, which is the order of the state -

matnx A, 1f the realized system [4, B, C] is controllable and
observable. For an nth-order system, only » columns (not
necessarily the first n) of W, and VT are needed theoretically
to make the realization controllable and observable.

The realization problem involves the computation of the
matrices [A, B, Cl, as shown in Eqs. (1) and (2), from a given
block matrix (Eq. 5). The basic concepts for noise-free data
were developed long ago by Ho and Kalman.’ The
methodology has been recently extended for noisy measure-
ment data for model parameter identification and model
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reduction of flexible structures.® A rehable implementation
was developed.

The ERA ‘process starts with the factorization of the block
data matrix (Eq. 5), for k=1, using singular value
decomposition:!® ‘

H(0)=PyDyOL ®

where the columns of P, and Qy are orthonormal and Dy, is
diagonal .

Dy =diagld;, dy,....dp, dyi1se-50p] 9

with monotonjcally non-increasing di(i=1,2,...,N)

dizdyz..zd,=zd, =...2dy=0 (10)

This decomposition can be accomplished by readily
available algorithms. Next, Dy is replaced by a diagonal
matrix D, that differs from Dy only by the truncation of
dy,y»...,dy. Correspondingly, P, and Q, are obtained by
deleting the last N—n columns of Py and Q, respectively. It
will be shown in the next section of the paper that P,D, Q7 is a
matrix of rank z which is closest to H(0) in the sense of max-
imal signal-to-noise ratio.

Following the formulation in Ref. 6, a reduced-order
realization of dimension » can be constructed by forming

A¥=D;%PTH(k)Q,D; % ¢§))

B=D}QIE,, (12)

C=ELP,D} (13)

where ET, =[I,,,0] and E, = [I,,0] with I,, and I, being ident-

ity matrices of order m and j2 respectively, and 0 a zero matrix
of appropriate dimensions. Note that the block matrix H,, (k)
in Ref. 6 is somewhat different from that shown in Eq. (5).

Accuracy Indicators

Due to measurement noise, nonlinearity, and computer
roundoff, the block matrix H (k) will usually be of full rank
which does not, in general, equal the true order of the system
under test. It should not be the aim to obtain a system realiza-
tion which exactly reproduces the noisy sequence of data. A
realization which produces a smoothed version of the se-
quence, and which closely represents the underlying. linear
dynamics of the system, is more desirable. Several accuracy in-
dicators have been investigated for quantitatively partitioning
the realized model into pure (principal) and noise (perturba-
tional) portions so that the noise portion can be disregarded.
Two principal indicators now available are the singular values
of block-data matrix and a parameter referred to as Modal
Amplitude Coherence. The number of retained singular values
determines the order of the realization, and Modal Amplitude
Coherence is used to assess the resulting degree of modal pur-
ity. The remainder of this section provides the mathematical
framework for establishing the relationship between these
accuracy indicators and the characteristics of the noise.

Singular Values

With the singular value decomposition applied to H(0), the
state space is decomposed into mutually orthogonal direc-
tions, in conjunction with the corresponding singular values
which provide a measure of the gain between system input
[Egs. (12-13)). ’

Let the block matrix H(0) be considered as the measurement
of an exact block matrix H(0), additively disturbed by a noise
matrix N with covariance matrix ®. If E is the expected value
operator, then £ (NNT )=®&, with the noise postulated to have
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zero mean value with no loss of generality. Because & is a
covariance matrix, it is symmetric and positive semidefinite.
Thus, there exists an eigensolution of the form

P=¢A%¢T a4
where ¢ is an orthonormal matrix and A? is a diagonal matrix
containing . positive eigenvalues A=\ =...=27;=0. In-
troduce a hew error matrix N, by means of the transformation

N, = ¢TN (15)

The covariance of the matrix N, becomes

&, =E(N,NT) =E($"NNT$) = A2 (16) -

The eigenvalue problem (Eq. 14) can be interpreted as that
of finding the directions of the principal axes (eigenvectors)
for which the covariance matrix & becomes diagonal. All the
eigenvectors are collected as the columns of the square matrix
¢. As a result, an error ellipsoid can be computed if the error
covariance matrix ® is known. The ellipsoid is aligned with the
eigenvectors and has semiaxes equal to the eigenvalues \,.The
error ellipsoid can be used as a confidence measure, because
the probability that the corresponding ellipsoid for the block
matrix H(0) lies within the error ellipsoid can be computed.

Observe from Eq. (8) that

S=H()H"(0)=P\D} P} an

where § is termed the signal power matrix. Comparison of
Eqgs. (14) and (17) reveals that a ‘‘signal ellipsoid’’ similar to
the error ellipsoid can be constructed. The semiaxes of the
signal ellipsoid will have lengths equal to the singular values
d;, while the orientation of these axes will be governed by the
column vectors of the orthonormal matrix Py.

The error ellipsoid is characterized by the eigenvalues
M=
ed by the singular values d, =d, =...=dy=0. The contribu-
tion of the ith semiaxis to the signal ellipsoid is measured by
the singular value d;. A similar statement applies to the error
ellipsoid. Can these characteristic values be used to define a
signal-to-noise ratio? The answer is affirmative. However,
since the directions of the semiaxes for the signal ellipsoid are
generally different from those for the error ellipsoid, a one-to-
one ratio such as

d;/\; (i=1,2,...,N) (18)

is not meaningful. Let the signal-to-noise ratio for each
semiaxis d; be defined as
S.Ni=di/)\1 (i=1,2,...N) (19)
This is the most conservative definition for the signal-to-noise
ratio, since A, is the largest semiaxis of the error ellipsoid.

The precision of a measurement is limited by the signal-
to-noise ratio that exists in the measured data. Assume that
the ratio is estimated to be Sy. If it is found that
dizd,=...2zd,=zNSy=d,,1=...2dy=0, then the
subellipsoid generated by the axes d;(i=1,...,n) satisfies this
signal-to-noise ratio. Hence, the rank for the subellipsoid is n,
indicating that the contribution of the axes d;(i=n+1,...,N)
to the block matrix H(0) is negligible and can be ignored. Once
this choice is made, the rank of H(0) becomes » and so does
that for the state matrix A4.

The physical interpretation is the following. In the direc-
tions of the state space where the free-decay response makes
large excursion, characterized by a large component signal-to-
noise ratio Sy;, the noise cannot affect the amplitude
significantly. On the other hand, in the directions where there
are only very small excursions, indicated by a small Sy;, the

= Ay =0, while the signal ellipsoid is characteriz-.
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amplitude of the state-space response is dominated by the
noise and hence should be disregarded.
If Egs. (7) and (8) are examined as a whole the equality

HO)=V.W,=[PyD}] DR QY (20)
defines the controllability and observability Grammians as
WaWI=Dy and VIV,=Dy 1)

The fact that the controllability and observability Grammians
are equal and diagonal implies that the realized system
[A,B,C,] is as controllable as it is observable. The reduced
model of order n after deleting singular values d,,_ ,,...,dy is
then considered as the robustly controllable and observable
part of the realized system. An important observation from
Eq. (21).is that the directions with small signal-to-noise ratio
have less significant degrees of controllability and observabil-
ity relative to the noise. It would be unwise to require a realiza-
tion including these directions. S

An approach for determining an optimum singular value
cutoff, related to the above discussion, is the following. Let
the matrices P, and P, denotes respectively the first » and the
last N—n columns of the orthonormal matrix Py defined in
Eq. (8). Consider the projections of the exact block matrix
H(0) and the noise matrix H(0) and the noise matrix N onto
the base matrix Py. This leads to the expression

[PZH(O)} R [ PIN }
E,(n) = —PLH©) =
0 —PJH(0) (22)

The zero matrix, 0, results from the singular value truncation.
Equation (22) defines the error between the approximate block
matrix constructed by retaining only the singular values
d;(i=1,...,n) and the exact block matrix H(0). Based on the
assumption that the noise N is a zero-mean process with
covariance matrix ®, the expected value of the error matrix
E,,(n) becomes

PToP, 0
E(E)=E[E,(n)E](n)] = o
' 0 PIHO)AT(0)P,

23)
Taking the trace of expression (23) yields
v n n R R
Tr(E(E)) = ), pfep,— Y, pTHOHTO)p,
i=1 i=1
N A A~

+ Y, pTHOATO)p; : (24)

i=1

where p; is the ith column of matrix P,. Since the last term in
Eq. (24) is independent of n, the trace becomes minimum
when n is chosen such that

plep,<pTHOHTOp; (i=1,..n) ~ (25

pIep;=pT HOHTO)p; (i=n+1,...,N) (26)

The cutoff singular value d; is thus

& = pTHOHTO)p, =pT LEHOAT(0) + 1p,

d:>2pTép; (i=1,...,n) @7
and
#<2pT®p; (i=n+1,....,N) (28)
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If the standard deviation of each entry of the noise matrix Nis
a constant ¢ and the noise is uncorrelated (white), the matrix ®
becomes No2I, where I is an identity matrix. In this case, Egs.
(27) and (28) reduce to

B>IN? (i=1,...,n) ©9)
@ <2Ng®> (i=n+1,....N) (30)

The question arises as to why the trace of Eq. (23) is taken
and what the significance is. Let an ellipsoid be constructed
using the eigenvalues of the positive symmetric matrix £ () in
Eq. (23). The semiaxes of this ellipsoid will have lengths equal
to the square roots of the eigenvalues of E(E). Since the sum
of the eigenvalues of a matrix is equal to the trace of the
matrix, minimizing the trace shown in Eq. (24) also minimizes
the sum of the semiaxes of the ellipsoid. E(Z) in Eq. (23) is in-
terpreted as the statlstlcally expected error between the exact
state impulse response and the noisy. state impulse response
when projected on its main n-dimensional subspace. For each
additional dimension allowed in the realization, the sum of the
semiaxes of the F (..,) ellipsoid will increase due to additional
additive noise pqu ®p,., and decrease due to additional
signal p} +1H(O)H (0)p, ... This opposing dependency in-
dicates the existence of an optimum order. i

Note that a different treatment for the error matrix E,; (n)
in Eq. (22) can result in a somewhat different solution for the
cutoff singular value d,. If the Frobenius norm of the error
matrix E,, (n) is mmrmlzed for example, a result similar to
but dlfferent from Eqs (27) and (28) can be found.!!:12

Degree of Modal Purlty

It is unlikely that the reduced block matrix formed by trun-
cation of singular values will have the same rank as that of the
true underlying system, unless the noise level is sufficiently
small. Since portions of the noise are still present in the re-
duced block matrix, a method to assess the strength of the
residual noise effects is needed. )

After the truncation of singular values d,.q,...,dy, as
discussed in the last sub-section, the matrix A has rank ». Find
the eigenvalue and eigenvector matrices Z and ¥ such that

V1A% = ZK 31)

The desired modal damping rates and damped natural fre-
quencies are simply the real and imaginary parts of the eigen-
values, after transformation from the z- to the s-plane using
the relationship

, s=[(tz) £27i1/[Ari;  i=v -1 (32)
where A7 is the data sampling interval and j is an integer.

The triple [Z,¥~!B,C¥] is obviously a minimum-order
realization.® The columns of C¥ are the desired mode shapes,
and the rows of ¥~!B are the corresponding modal participa-
tion factors (initial modal amplitudes).

When the realized system. [4,B,C,] is transformed from
state space to modal space, it includes both the true modal
space and a noise modal space. For an ideal linear system, the
eigenvalues and corresponding eigenvectors in the true-modal
space are deterministic however the block data matrix [Eq. (5)]
is formed. In contrast, all modal parameters in the noise
modal space are arbitrary (that is, not deterministic). Because
of this arbitrariness, the two modal spaces cannot, in general,
be completely separated. With this background, the Degree of
Modal Purity (DMP), of which the Modal Amplitude
Coherence is a special case, is developed in the remainder of
this section.

The goal is to explore the algebraic framework and then in-
duce a formulation for the measurement of DMP. Although a
square (NXN) block data matrix is used, any nonsquare
matrix can be treated with the same scheme and carried
through naturally.
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For simplicity, let the block data matrix H(k) be con:
structed using £, =7i(i=1,2,...,n.) and s;=/j(j=1,2,...,n,)
such that ’

Y(k), Y(k+7),...,
Y(k+1),

Y(k+1n,)

H(k-1) = Y(k+1+7),..., Y(k+1+7n,)

Y(k+n,), Y(k+n,+7),..., Y(k+n,+7n,)

(33

where 7 is an interger and m x(n;+1)=p x(n, +1)=N, with
m being the number of inputs and p the number of outputs.
Let ET,=10,,...,0,,;1,,,0,,,...,0,,1, wheré I, is an identity
matrix of order m located at the lth block column and 0, isa
zero matrix of order m. A similar definition applies to the
notation EJ; = [0,,...,0,,1,,0,,...,0,]. Examination of Egs.
®), (11- 13) (31), and (33) ylelds

Y(r+1) =ELHOE,,
= [ELPNDE Y] [¥ ' D} QLE )
=[C¥] [¥~'DEQVE,,)

and

Y(r+1) —E H(7)E,,;
=El PyD} [Dy" PLH(7)QnDy" 1D% QRE
ELP\D} [A7+ A1 D} QFE
= (B} PND{ Y1 (27 + ¥~ AY] [¥ ™' DY ORE ]
'=[C\P][Z’+\I/—1A\If][ilr—‘B] . (G4

where A is an.error matrix due to noise. When k=7 [where k
is the shift used in Eq. (11)], the matrix A represents the error
resulting from the truncation of singular values. For the noise-
free case, the equation A”=D; »PIH(7)Q,D; " holds® and
thus A=0. ) .

The eigenvalues of 4 are preserved whatever value the in-
teger 7 takes. Therefore, if some system modes z; are highly
linear and affected little by the-noise, the corresponding
eigenvectors y; will make the following equation approxi-
mately true

[D_%P}\.;H(T)QND_VZ]\I/i=\LiZII @5)

for all values of 7. This result leads to the.condition that
Ay;=0. It simply means that the prOJectlon of the error
matrix A on the system eigenvector y; is very small.

Let ¢7 denote the ith row of the matrix inverse ¥~!. The
condition Ay=0 then implies that yJA~0. Now, observe
from Eq. (34) that the following result holds for arbitrary C

Z¥-'B—¥-1D%QIE,, =¥~ 'AB (36)
In terms of each individual mode, Eq. (36) becomes
2T B—yI D} QRE,» = VT AB 37

The smaller-the elements of ¢ TAB are, the more the mode ex-
hibits linear, ideal behavior. All the numbers on the left side of
Eq. (37) are known, and the computation of the error number
is a simple operation.
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If 7 is replaced by 7/ in Eq. (34), an equation similar to Eq.
(37) can then be obtained as follows

UII/TB VIDEQRE 4y =V AB
for i=1,2,.

Based on Egs. (37) and (38), the degree of Modal Amplitude
Coherence® can be defined in terms of each modal history
VIDGQRE+1ys U=1,...,n;) and a corresponding ex-
trapolated modal hlstory b4 7 ¥; TB. Define a column vector g;
as

:,bTD‘/’Q,(,[E,,,I,E,,,z,...,E,,,,, 15 i=12,....n (39
where (*) means transpose and complex conjugate Also con-
sider the sequence g;, where

éi* = [I,Z?;Z%’,---,Z,T"f ] \ZxTB’ i= 1’2’---;’1 (40)

Let 5; denote the Modal Amplitude Coherence which
measures the degree of the ith modal purity, satrsfymg the
relation

vi=1d7q;1/1(Gd) (g g 1% j=1,2,....,n  (41)

where | | represents the absolute value. The parameter R,
takes only the values between 0 and 1. v;—1 as g;—~q; in-
dicates that the realized system eigenvalue s; is very close to
the true value for the jth mode of the system On the other
hand, if v, is considerably smaller than 1, the jth mode is con-
sidered to be a noise mode. Obviously, the parameter %; ; quan-
tifies the degree to which mode J was excited by a specific
input.

 For the case where 7=k and no singular values are trun-
cated, A=0, which causes the parameter 7,(,1-1 2,...,n) to
always equal 1, since there is no error vector prOJectron on the
modal base vector [see Eq. (36)]. To avoid this, the shift
parameter 7 is usually chosen to be larger than &, particularly
for a square block matrix, as shown in Eq. (33). The above
statments. are also true for a rectangular block matrix, if the
column number is less than the row number.

Based on Eq. (38), the DMP could be defined drfferently
from the Modal Amplitude Coherence given by Eq. (41). For
example, if a vector norm of Eq. (38) is taken, a different
form of the equation for the parameter v; can be derived.

The algebralc framework developed in this section, such as
Eq. (34), can be easily generalized to cover the case of a
general form of the block data matrix [Eq. (5)]. Instead of
the column shift with multiplicity 7 as shown in Eq. (33), arow
shift can also be used to derive an equation similar to Eq. (36)
in which B and E,,; are replaced by C and E,;, respectively,
with slightly different matrix operations. If = and E,,, are
replaced by ¢; and E,;, respectively, Eq. (34) becomes the key
algebraic formulation for any general block matrix. In prac-
tice, the block matrix of Eq. (33) and its induced formulations
such as Eq. (41) are somewhat easier for computer im-
plementation.

Numerical Simulations

Numerous Monte Carlo simulations® have been conducted
to study the ERA technique numerically. In this approach, a
large numbeér of data sets are generated for each desired case
using the same modal parameters and noise level, but with the
noise in each set consisting of a different sequence of random
numbers. All data sets are then analyzed in the same manner
with the identification technique. Information from each case
consists of statistical measures of the results, typically the
mean and standard deviation of each identified paraméter.

Sample results obtained by this process for a simple four-
mode system, using two different levels of additive noise, are

snand j=1,2,...,n, (3_8_) '
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discussed in the remainder of the paper. These cases were
selected to illustrate several of the concepts discussed earlier.
Each result is based on the Monte Carlo analysis of 100 data
sets. ‘

Construction of Data Sets

Table 1 contains the parameters used in developing the
simulated-data sets. A four-mode, four-measurement system
was arbitratily selected. For each measurement position #n, a
simulated free-response function was constricted as the sum-
mation of four exponentially weighted sinusoids plus noise as
follows:

4
Yn (k) = E Anme_g—m Qm'tkcos wmtk—

m=1

Opm) +w, (k)

n=1,2,3,4 (42
where ,, =2uf,,; Q,=w,/(1~2)"; and w,(k)=white
noise.

Observe from Table 1 that the amplitudes of the four modes
decrease monotonically, going from mode 1 at 1 Hz to mode 4
at 4 Hz. This situation will cause noise to affect the higher-
numbered modes to a greater degree than the lower-numbered
modes. Also-note that a damping value of zero was selected
for all four modes. Though this level is unrealistic, it was
chosen to permit the performance of the identification
algorithm to be studied without accounting for a decrease in
signal-to-noise ratio which occurs as a function of time in the
damped case. The inclusion of this additional effect would
have unnecessarily complicated the goals of the present in-
vestigation. The trends in the results to be shown will also oc-
cur when damped modes are used. Depending on the level of
damping, though, the results will be somewhat noisier due to
the decreasing s1gna1 to-noise ratio with time.

The results for two different levels of added noise will be
discussed. These cases are referred to as ““20% noise’’ and
“1% noise’> and use white noise, which is uniformly
distributed over amplrtudes +0.20 and +0.01 units, respec-
tively. The maximum response level of any modeis +1.0 unlt
of amplitude. _

Most experimental measurements have less than 20%
overall noise, and many have less than 19%. However,
although ovérall measurement noise may be low, structural
dynamics data will nearly always contain contributions from
modes with response amplitudes close to or below the noise
floor. The effects of noise on these lower-amplitude modés is
the situation addressed by the simulations. The use of
uniforrhly ‘distributed white noise represents the effects of
analog-to-digital quantization on these low-amplitude modes.
Proportionately better results carn be expeeted for modes with
larger relative amplitudes than those used in the simulations
(assurnmg nonlinearity is not a factor)

Table 1 -Parameters used in constructing simulation data sets

Mode no.
1 2 3 4
Frequency, Hz (f); 1.00 2.00 3.00 4.00
Damping factor (), 0.00 0.00 0.00 0.00
Amplitude (4):
0.5 0.1 0.05

Measurement 1 1

: 2 : 0 0.05 -0.1 —0.05
3 -1.0 -=0.5 0.01 0.05
4 0 0.5 0.1 0.005
Phase angle (9): All 90 deg
Noise: Uniformly distributed, white

Amplitude Std. deviation
Case 1 20% Noise +0.20 0.1155

Case 2 1% Noise +0.01 0.0058
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Fig. 1 Singular value spectra for simulated data sets. Vertical lines
show extent of scatter in each Monte Carlo analysis.

The time histories were constructed using a sampling fre-
quency of 10 Hz.

Selection of ERA Analysis Parameters

All results to be shown were obtained using a square 20 x 20
block data matrix [Eq. (5)]. The shift parameters between
block rows and between block columns were s;=
2j(j=1,2,...,19) and #,=3i(i=1,2,...,19), respectively. A
shift of one data sample (k= 1) was used in calculating the 4
matrix [Eq. (11)].

Singular Value Results

The singular value spectra obtained in this study are shown
in Fig. 1. The results for the case of no added noise are
presented first. It is apparent from Fig. 1a that there are ex-
actly eight non-negligible singular values. This occurs because
four modes were used in the simulation (each of which is a
second-order process). Singular values 9-20 are all less than
10~ 12, compared with a computer precision of approximately
10~ 14, For all practical purposes they are zero.

Next, the results obtained using the 20% noise sequence
alone are shown. The data samples in this case are the same set
of random numbers that will be used to corrupt the simulated
measurements for the 20% noise case, to be discussed next.
One might expect the singular value spectrum for white noise
to be flat, since there are no deterministic components.
However, as can be seen in Fig. 1b, the computed spectrum is
not flat, but varies rather linearly from an amplitude of 1.0 to
approximately 0.0. This compares with an expected amplitude
of 0.516, which can be calculated using the standard deviation
of the noise samples (given in Table 1).

The vertical lines appearing in Figs. 1b-e show the extent of
scatter among the 100 separate results obtained in each Monte
Carlo analysis. The central line connects the average value for
each case.
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The singular value results for the 20% added noise case —
using data consisting of the sum of the data used for the
results in Figs. 1a and 1b — are presented next in Fig. 1c. The
resulting singular-value spectrum is approximately the sum of
the two previous spectra. Note in this case, though, that the
four smallest singular values have become dominated by the
effects of noise. This condition will cause the identification
results for the lower-amplitude modes to become very noisy,
as will be seen in Fig. 2. Although the presence of mode 3 will
still be (barely) detected in this case, the accuracy of the
parameters has been affected to a considerable degree. Mode
4 will be undetectable in this case.

An optimum singular value cutoff of 0.73 can be calculated
for this case using Egs. (29) and (30) and the known standard
deviation of the noise. From Fig. Ic, this cutoff value cor-
responds to approximately the eighth singular value. As the
results in Fig. 2 will demonstrate, reducing the order of the
model to eight is indeed a good choice for this case.

A less-conservative cutoff value could be calculated by in-
creasing the value determined above by a factor of two, since
the highest singular value of the noise alone, Fig. 1b, is about
twice the average value. This alternative cutoff of 1.4 cor-
responds to approximately the fourth singular value. As will
be seen in Fig. 2, the use of a fourth-order model results in
somewhat improved accuracy for the first two modes at the
expense of the higher modes. Thus, a better compromise be-
tween accuracy and the number of detected modes is obtained
using an eighth-order model, as suggested above.

The final two plots in Fig. 1 d and e show the results for the
1% noise case and are the counterparts of the two previous
plots. The singular value spectrum of the noise alone shown in
Fig. 1d, is exactly the same as Fig. 1b, except reduced in
amplitude by a factor of 20. This behavior was expected, since
the same random number sequence as before was used, the
only difference being in amplitude. The reduction in the
magnitude of the noise from 20% to 1% has allowed all of the
first eight singular values to now rise above the effects of -
noise. Using Eqgs. (29) and (30), a singular value cutoff of
0.036 is calculated. From Fig. 1e, this value corresponds to ap-
proximately the 10th singular value. Figures 3 and 4, to be
presented later, will show that this order is also an optimum
choice. As before, an alternative singular value cutoff of 0.073
can be calculated by doubling the result obtained above. In
this case, the alternative model order would be eight, which is
the true order.of the system.

Identified Frequencies vs Order of Reduced Model

A fundamental measure of the effects of noise on the iden-
tification results is the variance (and mean value) of the
natural frequency estimates. These effects are quantified in
the remaining figures. Figures 2(a)-(f) show a complete set of
identified frequencies for all 100 data sets in each of six dif-
ferent Monte Carlo analyses at 20% noise. Each of parts a-f is
identical except that the number of retained singular values
(‘“‘ORDER”’) varies. The ordinate label ‘‘Case No.”’ refers to
the data set number within each Monte Carlo analysis, and
ranges from 1 to 100. Figure 3 is identical to Fig. 2, except for
the 1% noise situation.

Each data point in Figs. 2 and 3 is actually a short, vertical
line segment whose height is proportional to the value of
Modal Amplitude Coherence.® The line segments are located
horizontally in the plots at the corresponding identified fre-

- quencies. If the Modal Amplitude Coherence is 100% (its

maximum value), the height of the line segment equals the
distance between the tic marks on the vertical axis. Smaller .
values of coherence result in dots and shorter-length dashes.
The strongest identification results are thus indicated by an
unbroken vertical line extending from case 1 to.case 100, and
located horizontally at the correct natural frequency. Only
eigenvalues with a Modal Amplitude Coherence of at least
10% are shown. All those with smaller values are considered
to be noise modes, or system modes dominated by noise.
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Fig.2 20%-noise results at various
values of ORDER (the number of
retained singular values). All
identified frequencies with Modal
Amplitude Coherence of at least
10% are shown.
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Fig. 3 1%-noise results at various
values of ORDER (the number of
retained singular values). All
identified frequencies with Modal
Amplitude Coherence of at least
10% are shown.
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Inspection of Figs. 2a-f shows that only the first mode (at 1
Hz) is identified when ORDER equals 2, and that only the first
two modes (1 and 2 Hz) are significant at any value of
ORDER up to the maximum of 20. The complete disap-
perance of all modes except the first in Fig. 2a is explained
by the fact that only one mode can be identified with a second-
order solution, and that the first has the highest signal-to-
noise ratio among those used in the simulation. The difficulty
in identifying modes 3 and 4 in this case correlates with the
results shown earlier in Fig. lc, in which the four smallest
singular values are dominated by noise. As already discussed,
the use of ORDER =8, a value which can be calculated using
Eqgs. (29) and (30) and the standard deviation of the noise, is a
good compromise between maintaining the accuracy of modes
1 and 2 while permitting the detection of mode 3.

The same trends in the effects of noise on the identified fre-
quencies are observed in Fig. 3, which shows corresponding
results for 1% noise.” Notice first that when ORDER is
lowered below the value of eight (the true order of the system),
the lowest-amplitude mode disappears first. For example, in
Fig. 3c, note that only modes 1, 2, and 3 are present in the
results. Since a sixth-order solution was used, a maximum of
three modes can be found. Mode 4, which had the lowest
amplitude among the four modes, is the one rejected
automatically in the model reduction process (via singular
value truncation). A similar effect is observed in Figs. 3a and
3b.

A second item to note from Fig. 3 is that the identification
scatter increases for all modes as ORDER increases above the

_value of eight. Thus, eight is certainly a good choice for the
order of the reduced model. As discussed earlier, a value of 10
was calculated for the optimum order using Egs. (29) and (30),

-and a value of eight using the alternative choice. The value of
eight is considered less conservative since inadvertently choos-
ing too small an order is typically worse from an overall ac-
curacy standpoint than choosing too large an order.
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Eigenvalues and Modal Amplitude Coherence

The final figure, Fig. 4, presents the results of standard
deviation and mean value calculations performed for the
1%-noise Monte Carlo analyses. Frequency, damping, and
Modal Amplitude Coherence statistics for modes 1 and 2 are
shown. Trends in the results for modes 3 and 4 are similar to
those for modes 1 and 2. _

Figures 4a-d show the results for the identified eigenvalues
(whose real part is the damping and whose imaginary part is
the frequency) as a function of ORDER, the order of the
reduced model. As already seen in Fig. 3, the standard devia-
tion in the identified eigenvalues increases as ORDER rises
above a value of eight or ten. Below this point, the standard -
deviation is approximately constant, though a slight upward
trend is detected in Fig. 4c for mode 2. The important thing to
note from these results is that the scatter in the identified
eigenvalues decreases by about an order of magnitude as
ORDER is lowered from 20 to 8. Also, in addition to being
about ten times more accurate, the eighth-order model, requir-
ing only an eighth-order eigensolution, entails many fewer
calculations than the 20th-order model, which requires a 20th-
order eigensolution. The truncation of those singular values
attributed to the noise undoubtedly acted as an effective noise
filter. The accuracy advantages over identification methods
which do not permit order reduction independent of the size of
the block data matrix (Ref. 4, p. 186) are clear.

The eigenvalue mean value results, presented in Figs. 4b and
4d, show essentially no bias for model orders of eight and
larger. When fewer than eight singular values are retained,
however, significant damping biases are observed. In par-
ticular, the bias is very large for mode 2 when the order is
reduced to four.

The final two plots in Fig. 4 show the corresponding results
for Modal Amplitude Coherence. The intent of this indicator
is to provide an automatic means for assessing the degree to
which each eigenvalue retained in the reduced model is in-
fluenced by noise. Larger values of the indicator (up to 100%)
correspond to purer modal responses. The Modal Amplitude
Coherence results in Figs. 4e and 4f correlate well with the
earlier observation that optimum singular-value truncation
can significantly improve the accuracy of the final model.
Considerable reductions in the standard deviation and in-
creases in the mean value of Modal Amplitude Coherence oc-
cur as the order of the model is reduced from 20 to 8.

Concluding Remarks

The error characteristics due to noise of the Eigensystem
Realization Algorithm have been studied analytically and
numerically. Contributions of this work include a method for
computing an optimum singular value cutoff knowing the
covariance structure of the noise, and an explicit description
of the effects of noise on the accuracy indicator referred to as
Modal Amplitude Coherence. The analyses were substantiated
by numerical simulations using the Monte Carlo technique.
The numerical results demonstrated that an order of
magnitude improvement in identification accuracy is possible
using model reduction via optimum singular-value truncation.
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